We extend the recently developed Izergin-Korepin analysis on the wavefunctions of the U q (sl 2 ) six-vertex model to the reflecting boundary conditions. Based on the IzerginKorepin analysis, we determine the exact forms of the symmetric functions which represent the wavefunctions and its dual. As an application, we derive algebraic identities for the symmetric functions by combining the results with the determinant formula of the domain wall boundary partition function of the six-vertex model with reflecting end.
Introduction
Partition functions are fundamental objects in statistial physics and field theory. In the field of integrable models [1, 2, 3] , exact computations of partition functions is one of the most challenging and interesting tasks. The domain wall boundary partition functions is one of the most well-studied class of partition functions. It was first introduced and investigated by Korepin [4] , and later Izergin found its determinant representation [5] based on his analysis, which have been used for applications to the enumeration of the alternating sign matrices [6, 7, 8, 9] in later years. The most important step for the analysis of the domain wall boundary partition functions was the work by Korepin [4] , in which he presented a way how to view partition functions as multivariable polynomials of spectral parameters by using the quantum inverse scattering method, which was crucial for the Izergin-Korepin determinant formula [5] to be found. The Izergin-Korepin analysis was applied to various models and variants of the domain wall boundary partition functions [10, 11, 12, 13, 14, 15, 16, 17] such as the mixture with the reflecting boundary, half-turn boundary, and recently extended to the scalar products by Wheeler [18] which he succeeded by introducing the notion of intermediate scalar products.
paper of Kuperberg [8] (see also Tsuchiya [10] ). Note that the R-matrices used in this paper is a slightly gauge transformed one in Kuperberg. We do this gauge transformation since it is better suited for the Izergin-Korepin analysis on the wavefunctions.
We first introduce two-dimensional Fock spaces V a and F j , j = 1, . . . , M . We denote the orthonormal basis of V a and its dual as {|0 a , |1 a } and { a 0|, a 1|}. Similarly, we denote the basis of F j and it dual as {|0 j , |1 j } and { j 0|, j 1|}. We usually call V a as the auxiliary space and F j as quantum spaces.
Next, we introduce the L-operator of the six-vertex model. The L-operator we use in this paper is the U q (sl 2 ) R-matrix. Since we will use two types of monodromy matrices, we introduce two R-matrices. The first one which we denote by L aj (z, w j ) acts on the spaces V a ⊗ F j and its non-zero matrix elements are given by (Figure 1 top) a 0| j 0|L aj (z, w j )|0 a |0 j = az −1 w j − a −1 z, (2.1)
2)
3)
4)
a 1| j 0|L aj (z, w j )|1 a |0 j = az − a −1 z −1 w j , (2.5)
The second one denoted by L aj (z, w j ) also acts on the spaces V a ⊗F j but now the its non-zero matrix elements are given by ( Figure 1 bottom) a 0| j 0| L aj (z, w j )|0 a |0 j = azw j − a
9)
a 1| j 0| L aj (z, w j )|0 a |1 j = (a 2 − a −2 )w j , (2.10)
Using the L-operators, we construct two monodromy matrices
and
We also introduce the following K-operator K a 2 a 1 (z) acting on the auxiliary space ( Figure  2 
We now introduce the double-row monodromy matrix using the monodromy matrices T a (z|w 1 , . . . , w M ), T a (z|w 1 , . . . , w M ) and the K-operator K a 2 a 1 (z) as
(2.16)
We define the following double-row B-operator (Figure 2 bottom) as a matrix element of the double-row monodromy matrix with respect to the auxilary space
Using the matrix elements of the ordinary monodromy matrices
the double-row B-operator is written as
In order to introduce wavefunctions, we also define special states in the tensor product of the Fock spaces
23)
By acting the operators σ + j and σ on |0 M , 0 M | and 1 M |, we introduce states
29) 30) for integers x 1 , . . . , x N satisfying 1 ≤ x 1 < x 2 < · · · < x N ≤ M , and
We define (projected) wavefunctions W M,N (z 1 , . . . , z N |w 1 , . . . , w M |x 1 , . . . , x N ) by acting the double-row B-operators B(z j |w 1 , . . . , w M ) (j = 1, . . . , N ) on the state |0 M and projecting to the state
Similarly, we define the dual wavefunction 
The simplest case
In this section, we examine the simplest case N = 1. A special case of the result obtained in this section will be used in the next section as the initial condition for the Izergin-Korepin analysis on the wavefunctions under reflecting boundary. First, we prepare the following lemma.
Lemma 3.1. The following identity holds
Proof. This can be proved by induction on x 1 . It is easy to check the case x 1 = 2. Let us assume (3.1) holds and show that the identity (3.1) with x 1 replaced by x 1 + 1 also holds. 
We first decompose the left hand side of (3.1) with x 1 replaced by x 1 + 1 as
We next apply the assumption (3.1) to the right hand side of (3.2) and rearrange as follows:
Hence we find the identity (3.1) with x 1 replaced by x 1 + 1 also holds. 5) and using the matrix elements
One can show by tedious but straightforward computation that proving the right hand side of (3.6) is equal to
reduces to proving the equality (3.1) in Lemma 3.1, which we have already proved.
The dual wavefunction W M,1 (z|w 1 , . . . , w M |x 1 ) can be computed in the same way. We state the result below.
Izergin-Korepin analysis
In this section, we perform the Izergin-Korepin analysis [4, 5] which uniquely characterizes the wavefunctions. See for [21] a simpler case of the Izergin-Korepin anlaysis on the wavefunctions without reflecting boundary. The Proposition given below is the extension to the reflecting boundary condition. (1) When
is connected with the original one by 
If x N = M , the following factorizations hold for the wavefunctions ( Figure 6 ):
The following holds for the case N = 1,
Proof. This can be proved in the standard way. Property (2) can be proved in the same way with Tsuchiya [10] and Kuperberg [8] . Note that the state x 1 , . . . , x N | which is used for the constuction of the wavefunctions W M,N (z 1 , . . . , z N |w 1 , . . . , w M |x 1 , . . . , x N ) do not have any affect on the arguments. (4.2) can also be proved in the following way, which have originally appeared in the discussion of another type of six-vertex model [58] . We insert the completeness relation to get
From the explicit expression of W M,1 (z N |w 1 , . . . , w M |x) (3.4), one can see
Figure 5: A graphical description of the relation (4.3). By using the ice-rule, one can see that if one sets w M to w M = a 2 z 2 N , all the L-operators at the leftmost column and the bottom double-row freeze.
Since the ratio (4.7) does not depend on x, combining (4.6) and (4.7) gives
2) follows from (4.8) since the wavefunction is symmetric with respect to z 1 , . . . , z N . Property (4) is a special case x 1 = M of (3.4) in Proposition 3.2 which is proved in the last section.
To show Property (1), let us look at the leftmost column of the wavefunctions since the dependence on the parameter w M comes from the L-operators at this column. When x N = M , one can see that we must use at least one of the matrix elements
of the L-operators among the 2N Loperators at the leftmost column. These matrix elements do not involve w M , from which it follows that the wavefunctions W M,N (z 1 , . . . , z N |w 1 , . . . , w M |x 1 , . . . , x N ) is a polynomial of degree 2N − 1 in w M .
Property (3) can be easily shown with the help of the graphical representation of the wavefunctions and the ice-rule of the L-operators of the six-vertex model a γ| j δ|L aj (z, w)|α a |β j = a γ| j δ| L aj (z, w)|α a |β j = 0 unless α + β = γ + δ (Figures 5 and 6) . One finds that when x N = M , the leftmost column and the bottom row freeze if one sets w M to w M = a 2 z 2 N . From the freezed part, one gets the factor N (z 1 , . . . , z N |w 1 , . . . , w M −1 |x 1 , . . . , x N ) . Hence, for the case x N = M , the wavefunctions W M,N (z 1 , . . . , z N |w 1 , . . . , w M |x 1 , . . . , x N ) is the product of these two parts and (4.4) follows. At the end of this section, we list the property for the dual wavefunctions, which can also be proved in the same way with the wavefunctions. is connected with the original one by
The following recursive relations between the dual wavefunctions hold if x N = M :
the following factorizations hold for the dual wavefunctions:
(4.14)
Symmetric functions
We show in the section that the symmetric functions introduced in this section represent the wavefunctions and the dual wavefunctions of the U q (sl 2 ) six-vertex model under reflecting boundary.
Definition 5.1. We define the following symmetric function F M,N (z 1 , . . . , z N |w 1 , . . . , w M |x 1 , . . . , x N ) which depends on the symmetric variables z 1 , . . . , z N , complex parameters w 1 , . . . , w M and integers
We also define the following symmetric function
where x 1 , . . . , x N are integers satisfying 1 ≤ x 1 < · · · < x N ≤ M . 
The dual wavefunctions of the U q (sl 2 ) six-vertex model under reflecting boundary (az (az 
One can show by tedious but straightforward computation that a part of the product of factors in (5.8) given below
can be simplified as
From this simplification, one finds that the right hand side of (5.8) can be expressed as the product of the right hand side of (5.10) and
and we get
hence it is shown that F M,N (z 1 , . . . , z N |w 1 , . . . , w M |x 1 , . . . , x N ) satisfies Property (3) for the case x N = M . Property (3) for the case x N = M can be proved as follows. First, we rewrite the symmetric functions F M,N (z 1 , . . . , z N |w 1 , . . . , w M |x 1 , . . . , x N ) for the case x N = M as
Noting that the product of factors 13) in the right hand side of (5.12) can be rewritten as
which do not have any dependence on σ one finds that (5.12) can be rewritten as a product of (5.14) and
(5.15)
Thus we have proven that F M,N (z 1 , . . . , z N |w 1 , . . . , w M |x 1 , . . . , x N ) satisfies Property (3) for the case x N = M .
Algebraic identities
In this section, we derive algebraic identities for the symmetric functions introduced in the last section as an application of the correspondence between the wavefunctions and symmetric functions proven in the last section. We combine the result in the last section with that on the domain wall boundary partition function by Tsuchiya [10] and Kuperberg [8] . The domain wall boundary partition function under reflecting boundary
. . , M of the wavefunction under reflecting boundary
First, let us recall the determinant formula of the domain wall boundary partition functions under reflecting boundary. 
Theorem 6.2. We have the following algebraic identities for the symmetric functions
Here, the sum x⊔x={1,2,...,M } means that we take the sum over
Proof. This identity is a consequence of two ways of evaluation of the domain wall boundary partition function under reflecting boundary
Another way to evaluate the domain wall boundary partition function is to insert the completeness relation
between the B-operators and using the explicit representations of the the wavefunctions and its dual (5.3) and (5.4) to get
Comparing the two ways of evaluations (6.5) and (6.2) gives the identity (6.3).
Let us also examine the homogeneous limit w 1 = · · · = w M = 1. First, one can show the following. Theorem 6.3. In the homogeneous limit w 1 = · · · = w M = 1, the domain wall boundary partition function under reflecting boundary Z M (z 1 , . . . , z M |1, . . . , 1) can be expressed in the following form:
Proof. We divide the inhomogeneous determinant of Z M (z 1 , . . . , z M |w 1 , . . . , w M ) (6.2) into two parts as
(bw It is easy to take the homogeneous limit of P 1 lim w 1 →1,...,w M →1
(6.8)
Here, the sum x⊔x={1,2,...,M } means that we take the sum over x = {x 1 , . . . , x N } (1 ≤ x 1 < x 2 < · · · < x N ≤ M ) and x = {x 1 . . . x M −N } (1 ≤ x 1 < x 2 < · · · < x M −N ≤ M ) which forms a disjoint union of {1, 2, . . . , M }, x ⊔ x = {1, 2 . . . , M }.
Conclusion
In this paper, we extended the recently developed Izergin-Korepin analysis on the wavefunctions [19, 20, 21] to the U q (sl 2 ) six-vertex model with reflecting end. We determined the exact forms of the symmetric functions representing the wavefunctions and its dual based on the Izergin-Korepin analysis. As an application of the correspondence between the wavefunctions and the symmetric functions, we have derived algebraic identities for the symmetric functions by using the determinant formula for the domain wall boundary partition functions with reflecting end by Tsuchiya [10] and Kuperberg [8] . This idea was first used in Bump-McNamara-Nakasuji [41] to derive dual Cauchy identities for the factorial Schur functions from the wavefunctions and the domain wall boundary partition functions of the free-fermionic six-vertex model, and applied to the U q (sl 2 ) six-vertex model in [28] to derive algebraic identities for the quantum group deformation of the Grothendieck polynomials. A different kind of using the domain wall boundary partition functions can be seen in the paper by Wheeler-Zinn-Justin [25] . A similar Izergin-Korepin analysis can be done to study the free-fermionic six-vertex model under reflecting boundary [60] . It is interesting to extend the analysis to other types of boundary conditions. For example, it seems that it is a more challenging task to treat the wavefunctions under half-turn boundary condition. At the level of the domain wall boundary partition functions, the level of difficulty of treating the half-turn boundary and the reflecting boundary seems to be the same, but the half-turn boundary condition becomes more difficult to treat when it comes to problem of the wavefunctions, since it seems that there is no way to freeze two rows at once for the case of the wavefunctions under half-turn boundary condition, contrary to the reflecting boundary condition which is treated in this paper.
Another interesting topic is to study the thermodynamic limit. As for the domain wall boundary partition functions, many determinant or Pfaffian formulae are known. However, it seems hard to expect that the wavefunctions in general have such simple forms. It is an interesting topic to construct a new way to study thermodynamic limit without resorting to the deteminant or Pfaffian formulae.
